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ABSTRACT: A mathematical representation for the deformation mechanism of polymer spherulites is proposed in
terms of the relationship between optical and mechanical responses to external mechanical excitations by using a lin-
ear elastic theory. The optical quantities observed from x-ray diffraction and polarized light scattering are found to
be a sort of average of mechanical quantities, such as strains and stresses arising locally in the spherulites. In addi-
tion, the theoretical treatment is also tested with experimental results. Both the experimental results with regard to
lattice deformations of crystalline regions and light scattering are found to be rather close to the calculated ones.

I. Introduction

The broad aim of this paper is to construct a theory for
rheooptical studies that have revealed characteristic relaxa-
tion times of the responses of structural units in polymer solids
to external mechanical excitations. The experimental results
have been discussed in a number of papers.2-7 The recent re-
sults of rheooptical investigations, using the dynamic x-ray
diffraction technique®® for dynamic orientation and lattice
deformation of polyethylene crystall®-12 as well as the dynamic
light-scattering technique!®14 for the deformation mechanism
of polyethylene spherulites,'516 are the most definitive evi-
dence confirming the notion that the @ mechanical dispersion
of polyethylene is actually related to the crystalline responses.
However, the relationship between optical and mechanical
responses to external mechanical excitation has never been
developed in mathematical and quantitative terms. Quanti-
tative description of the viscoelastic behavior of crystalline
polymers in bulk is a very complicated and difficult problem,
reflecting their complex structures.

The first investigation of the mathematical description of
elastic behavior of a spherically isotropic system under general
loading was carried out by Chen,!7 and its mathematical
procedure was applied to the deformation mechanism of
polyethylene spherulites by Wang.1819 Hence, this paper is
concerned with a mathematical description of the relationship
between the optical and mechanical responses using linear
elastic theory. The investigation is mainly carried out for the
problem in the deformation of polyethylene having a
spherulitic crystalline texture in order to discuss the crystal
lattice deformation within the spherulite and the polarized
light scattering from the spherulitic texture in a quantitative
manner. This treatment may not be sufficient, as discussed
above, and therefore a more quantitative treatment supple-
menting the viscoelastic properties of the materials will be
discussed in the succeeding paper. 20
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First, the five elastic constants C;; for the spherically iso-
tropic material will be determined by using an aggregation
model proposed by Hibi,2! and the mechanical constants in
bulk, shear modulus G, bulk modulus K, Young’s modulus E,
and Poisson’s ratio » will be calculated by the method of
Wang.18

Second, a mathematical representation of the crystal lattice
strains within the spherulite will be discussed in terms of the
geometric arrangement of the bulk specimen as revealed by
x-ray optical coordinates. The calculated results will be tested
vs. results obtained from dynamic x-ray diffraction mea-
surements of a low density polyethylene (Sumikathen G201)
and a high-density polyethylene (Sholex 5065).22

Finally, the light scattering from the spherulite will be
calculated from a knowledge of the principal polarizability
distribution within the spherulite, omitting the molecular
orientation of the medium around the spherulite.

II. Elastic Constants of Polyethylene Lamella and in
Bulk

Hooke’s law in a polyethylene spherulite may be written by
using a special spherical coordinate system suggested by
Chenl!7 and Wang!8 as follows:

ags = Cr1ea9 + Croepo + Craerr
¢ = Croego + Criegg + Crzerr
= C13(506 + €¢>¢) + C335rr

arg = Cager
¢ = C445rd>
o = Y(C11 = Crodegy (1)

where the symbols o5, ¢;;, and C;; denote components of stress,
strain, and elastic stiffness, respectively. The subscript 3 of
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Figure 1. Composite structural unit of a semicrystalline polymer with
an orthorhombic crystalline surrounded by an amorphous phase.

aij, €ij, and Cy; is chosen in the radial direction. For example,
C33 is the stiffness in the radial direction. The five elastic
stiffnesses are very significant in constructing the rheooptical
theory as well as mechanical properties of crystalline polymers
and are known to be strongly dependent on the manner in
which crystals and amorphous fractions are organized. Several
models have been proposed.23-25> Wang?5 studied the aniso-
tropic elastic properties of transcrystalline polyethylene
composed of aligned narrow spherulites (which is the so-called
cylindrical spherulite) by employing the composite theories
of Hill, 26 Hermans,2? and Kroner28 to account for mechanical
interactions between the two phases and between the indi-
vidual spherulites. The procedure was extended to bulk linear
polyethylene with a spherulitic texture.

In this paper, a model for the composite structural unit
proposed by Hibi et al.2! is adopted to determine the values
of C;; in eq 1 from the standpoint of composite crystals being
a little different from the above proposals.23-28 The values may
be obtained from those of the elastic stiffness of composite
structural units comprising crystal lamella and amorphous
phase.

Let the composite structural unit be modeled as shown in
Figure 1, in which an isotropic noncrystalline layer lies adja-
cent to an orthorhombic crystal with the interface perpen-
dicular to the Us, Us, and U, axes, so that the crystallinity of
polyethylene spherulite is represented by 6 X 4 X u. The Us,
U,, and U, axes correspond to the crystal ¢, b, and a axes,
respectively. We may here define the elastic stiffnesses of the
composite structural unit in Figure 1 as C;;".

The C;; are related to C;;* via the orientation of crystal
lamella within the spherulite. Actually, the lamellae are
composed of minute crystals whose b axes are oriented in the
radial direction, while the ¢ and a axes are in the tangential
direction and rotate about the radius in a helicoidal manner.
Hence, the relation may be given by

C11 = Ya(3C 1% + 3C33% + 2C 1% + 4C55%)
Cor=Cyy
Caa = Coo%
Cio = Yg(C11™ + Cy3*% + 6C13% — 4C55%)
Ci3 = %(C1a™ + C23%)

Co3=Cu3
Csq = YlCyg™ + Ces®)
Css=Cuq
Ces = Y(C11%™ + C33% — 2C13% + 4C55%) (2)

The subscript 3 of the elastic stiffnesses C;; in eq 1 (or eq 2)
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is chosen in the radial direction, while the subscript 3 of the
elastic stiffnesses C;;¥ is chosen in the direction of the U axis,
the subscript 2 in the direction of the U axis, and the sub-
script 1 in the direction of the U axis, respectively. The elastic
stiffnesses C;;™ may be related to the elastic compliances S;;®
as follows:

Ci™ = (=1)*i jy8/As 3
S11¥ Sp¥ Spv 0 0 0
S1a% Sg¥ Sozv 0 0 0
S13¥ Sga¥ Sg¥ 0 0 0
¥“ 1o o 0o Suro o | W
0 0 0 0 Sss¥ 0
0 0 0 0 0  Sev

where A;;® is the determinant of the matrix obtained by
omitting the ith line and the jth rank in the matrix S;;* and
As is the determinant of matrix S;;. The elastic compliances
Si;* can be calculated on the basis of a homogeneous stress
hypothesis by using the elastic compliance of the crystallite
S;;% and the elastic compliance of the amorphous phase S;;2°.
The calculating methods have been described in detail by Hibi
et al. elsewhere.2! The values of elastic compliances S;;° of
the polyethylene crystal unit can be determined from the in-
verse matrix of the elastic stiffnesses C;;% of the unit proposed
by Odajima et al.,° while the values of elastic compliances
S;;2° of the amorphous phase are quite uncertain. Recent
observation of intercrystalline link and tie molecules in
crystalline polymers3! suggests that the amorphous phase
might be locally anisotropic. However, the present knowledge
of the amorphous structure is not quantitative enough to
permit a good estimate of the anisotropic moduli of the
amorphous phase,3132 and we shall assume the amorphous
structure to be isotropic and hence characterizable by two
independent elastic constants. Actually, the two elastic
compliances may be approximated as §1;2° = 5.1 X 10~1?and
S122° = —2.5 X 1071% cm?2/dyn on the basis of the amorphous
phase of polyethylene being in a rubbery state over a range of
temperature from room temperature up to around 80 °C.

Figure 2 shows the results of calculation of the stiffnesses
C;; in the spherulite as a function of crystallinity X by using
the model in Figure 1 and assuming that 6 = v = p. As illus-
trated in Figure 2, Cy1, Cgg, and Cyz increase rapidly with in-
crease of crystallinity, while Cs3, C13, and Cy4 are hardly af-
fected by the crystallinity. The X dependences of the elastic
stiffnesses in Figure 2 are similar to those obtained by
Wang.2%

Figure 3 shows the X dependences of mechanical constants
in bulk, that is, bulk modulus K, shear modulus G, Young’s
modulus E, and Poisson’s ratio », calculated from the values
of the five stiffnesses illustrated in Figure 2 by using the
procedure suggested by Wang.1® The dependences in Figure
3 are nearly the same as those of Wang, and these results at
the appropriate degree of crystallinity agree fairly well with
the experimental results for Young’s modulus and the shear
modulus of polyethylene reported by McCrum and Mor-
ris.?3

I11. Crystal Strains in a Spherulite Detected by X-ray
Diffraction

A. Mathematical Representation of Crystal Strains in
a Spherulite. A mathematical representation of crystal
strains in the spherulite will be discussed in terms of a geo-
metrical arrangement of the test specimen against x-ray op-
tical coordinate. To understand the mechanism leading to
crystal strains within the spherulite, it is important to dis-
tinguish two strain quantities: one arising locally in the
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Figure 2. Elastic constants in a polyethylene spherulite.
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Figure 3. Distribution functions of mechanical constants in bulk to
crystallinity.
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Figure 4. Geometrical arrangement of crystal planes against x-ray
optical coordinate O-U,UsUs.

spherulite and the other detected by x-ray diffraction mea-
surements. Hence, we present now a conclusion that the latter
may be a sort of average of the former and may be related to
the former through a somewhat complicated mathematical
relationship.

Figure 4 shows the geometrical relation of the crystal plane
to the x-ray optical coordinate. The U; axis may be taken
along the reciprocal lattice vector of the crystal plane and the
Uj; axis along the reference axis. The U, axis is perpendicular
to the U;U; plane. For a Cartesian coordinate O-V;V,V;3
within a lamella, the V3, Vg, and V; axes are taken along the
direction of strains e, egg, and e,y, respectively. The Cartesian
coordinate O-V;V,V3 may be specified by using two Euler
angles ¢ and 8 with respect to a space of film specimen O-
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X3

Figure 5. Eular angles 6 and ¢, which specify the orientation of Car-
tesian coordinate O-V V5V fixed in a lamella with respect to another
Cartesian coordinate O-X X X3 fixed in the bulk specimen.

Us

Figure 6. Coordinate system for crystal strain detected by x-ray
diffraction technique against bulk specimen coordinate.

XXX 3 as shown in Figure 5. The V3 axis may be specified
by using two Euler angles 8 and o with respect to the optical
coordinate O-U,U,Us3 as shown in Figure 6. The Cartesian
coordinate O-XX X3 is fixed within the film specimen, so
that the X3 axis takes along the direction of external excita-
tion, the X axis the direction of film thickness, and the X5X3
plane is parallel to the film surface. The angle §; is the polar
angle between the Usj axis and the X3 axis. The distribution
of the jth crystal lattice strain may be observed as the function
of the polar angle 8; by the rotation of the X axis around the
X axis.

From the angular relation as shown in Figures 5 and 6, one
may obtain the following three equations.

(V3-Ujy) = —cos 8 sin 6; + sin 8 cos ¢ cos 9; 5)
(Vg-U;) = sin 8 sin §; + cos d cos ¢ cos 6; (6)
(Vy+Uy) = —sin ¢ cos §; (7

On the other hand, the strain ¢, in the U, direction which
reveals the strain in the direction of the reciprocal lattice
vector of the jth crystal plane may be given by using the
strains €., €gg, €44, and ¢4 in the spherulite.

vy = (V- Up2e, + (Vo - U2 + (V1 Up)2eys
+ (V3 U)(Vo-Upes  (8)

Considering the geometrical arrangement concerning the
orientation of crystal units in the polyethylene spherulite
against the x-ray optical coordinate, the crystallites in the
spherulite detected by the x-ray diffraction measurements are
found to be situated only on the area of the cone which is
formed by the rotation of the V3 axis around the U; axis in
Figure 6. Hence, the strain quantity Ae;;; observed from the
x-ray diffraction may be given by

1 2r a .
AGUU:m j; j; EUUJ‘ Sln,BCOSBdr dC(
(9a)
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1 27 a
A, == 7 [ Tewyarda (9b)
The angle 8 in eq 9a may be related as follows:
sin 8 = sin 6, sin &; (10)

The angles ©; and &; are polar and azimuthal angles speci-
fying the orientation of the reciprocal lattice vector of the jth
crystal plane with respect to an orthorhombic crystal unit.

Moreover, one may obtain the following three equations
from the angular relation obtained as shown in Figures 4
through 6.

cos 8 = cos 8 cos  cos 8; — sin §sin §; (11)
sin #sin ¢ = cos Bsin « (12)
gin 6 cos ¢ = sin B cos 0, + cos 3 cos a sin 8; (13)

By using the linear elastic theory, the strains of the
spherulite are given by Wang.1?

(3cos2f-1)

& = AorKo1(vor — Yo)rvo=%2 + 5

X ¥ AgKoi(vy = Yo)rva=3/2 (14)
<13

i=1,

ego = AaKorr'om%2 + 1 .213 Agi{3(Ky; = 4) cos? §
i=1,

- K2i + 6},-u2i-3/2 (15)

€op = A Korrro=32 + 1, .213 Agi{3(Kog; — 2) cos? 8
=1,
- K2l.}rv2i"3/2 (16)

g = —3sinbcosf 3 Ag(Ky + vy — )ru=32 (17)

i=1,3
€0 = €95 =0 (18)

where the coefficients 4,; are arbitrary constants to be de-
termined from boundary conditions, and the coefficients v,,;
and K,,; are also constants calculated by Chen.1?

According to eq 5 through 18, eq 9b may be finally given by
the function of polar angle 4;.

240:K01
Aey (6;) = 220701
T oy + 1)

Ay
+ lavoi=3/2 4 (3 cos? 6, = 2) ¥ ——"—
! 2 ! i-zl,s (vai + Yo)
X [38(Kg; ~— 2)(1 = sin? ©; sin? &;){(vg; — %) = (vo; = Vo)
X (1 - sin? ©; sin? &;)} — 2Kp;]a*2~3/2  (19)

Considering the unit cell dimensions of polyethylene, the
strains in the normal direction of the (110), (200), and (020)
crystal planes may be obtained by using (8; = #/2, ®; =
7.49/4.94), (6, = /2, ®; = 0), and (8, = /2, &; = 7/2), re-
spectively.

If the crystal unit is completely isotropic, the following
relations can be obtained, as suggested by Chenl? and
Wang;18.19

{(Vm - 3/2) sin? 9, sin? @j

Kz =2, Ayn=0 (20)

Substituting eq 20 into eq 19, the following relation may be
obtained

AEUU(BJ') = A01K01 - A23(3 COS2 61 - 2) (21)

From the above result, one can understand that the strain
distribution for the completely isotropic crystal unit is inde-
pendent of different kinds of crystal planes. Equation 19 re-
veals the theoretical distribution of the strain of the jth crystal

vor =%, va1=Th wa3=7%,
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plane corresponding to the experimental distribution observed
from the x-ray diffraction technique only at 100% crystallinity.
In the semicrystalline case, it reveals the distribution of the
total strain of the jth crystal plane and the amorphous phase
in the U, direction.

B. Test Specimens and Experimental Procedure. As
discussed already, a high-density polyethylene, Sholex 5065,
and a low-density polyethylene, Sumikathene G201, were used
as test specimens. The pellets of the high-density polyethylene
were melted at 170 °C in a laboratory press under a pressure
of 200 kg/cm? and slowly cooled down to room temperature.
The volume percent crystallinity which was measured by the
ethanol-water density gradient tube method was found to be
74%. On the other hand, the pellets of the low-density poly-
ethylene were melted at 140 °C and slowly cooled down to 105
°C, then the specimens were quenched by being plunged into
an ice-water bath and further annealed at 130 °C for 2 h. The
volume percent crystallinity was found to be 46%.

The dynamic x-ray diffraction intensity distribution was
measured by using a narrow sector technique3 along the
equatorial and meridional directions. The measurements were
made at the maximum and minimum strain phases for a rel-
atively narrow interval of £10° over a frequency range from
0.2 to 3.2 Hz at four different temperatures 30, 60, 70, and 86.5
°C. As mentioned briefly in the introduction, the theoretical
results were calculated on the basis of a linear elastic theory
which neglects the viscoelastic contributions from the polymer
spherulite. In order to compare analytical results with the data
obtained from dynamic x-ray measurements, the theoretical
elastic crystal lattice strain is assumed to be equivalent to the
in-phase component of the measured dynamic strain®1° of the
Jth crystal plane. This is because of the difficulty of observing
the crystal strain in the static state.

C. Experimental Results and Discussion. By using the
stress Aoy ,;(9;) associated with Aer,;(6;) on the basis of the
homogeneous stress hypothesis, the strain Ae.(8;) of the jth
crystal plane and Aeg;,;(6;) on the area of cone discussed al-
ready in eq 9b may be given by

Aec(aj) = SC}'AUUU(GJ‘) (22)
and
Aeyy;(6) = SjAoy,(6)) (23)

where S,; is the compliance of the jth crystal plane and Sy; is
the average compliance of the jth crystal plane and the
amorphous phase. Accordingly, we have

Aec(8;)/ Aery;(8;) = Sej/Sy (24)
Thus, at 6; = 90°,
Ae(90)/Aey,;(90) = S;/Sy; (25)
so that from eq 24 and 25,
Qe (0;)/Aey;(90) = Aec(6;)/ Aec(90) (26)

Equation 26 indicates that the distribution of the total strain
normalized with the strain at polar angle §; = 90° is equivalent
to that of crystal strain normalized with the strain at the same
angle. This normalized relationship should allow a better
comparison between the calculated results and the experi-
mental data.

Figure 7 shows the calculated and observed distributions
using the normalized quantities where Aeg; and Aegge are ab-
breviations of Ae.(6;) and Ae.(90), respectively. It can be seen
that irrespective of the crystallinity level, temperature, and
frequency, a fairly good agreement between the calculated and
the observed results can be achieved after the normalization.
Thus, the normalization procedure renders the results inde-
pendent of the intrinsic properties of polymer crystals such
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Figure 7. Strain distributions of the (110) and (200) crystal planes
observed from the x-ray diffraction technique with those calculated
(solid curves). Both distributions are normalized at a polar angle 6;
= 90°.

as temperature and frequency and facilitates comparison
between theory and experiment.

The comparison illustrated in Figure 7 is not necessarily
rigorous since we may also compare the calculated results with
the experimental ones by normalizing them in terms of the
bulk strain.

On the basis of eq 22 and 23, the theoretical strain of the jth
crystal plane has been calculated as follows:

S
Aec(aj) == AGUU(GJ') (27)
Stj

where
Stj =81 cos ‘I)] + Sag sin4 @j
+ sin? &; cos? $;(2S 3 + S44)
Scj = Suc COS4 ‘i’j + Sggc Sil"l4 (I)j
+ sin? &; cos® ®;(2813¢ + S449)

(28a)

(28b)
where
S11 = %(3S11™ + 3833 + 2815% + S55%)
S3z = Soo®
S13 = %(S12" + Saz™)
Sag = Yp(S4g” + Se6™)
S11¢ = Ya(3S11%° + 383350 + 2815 + S55%)
S33¢ = Sgpc0
S13¢ = Yol S19% + S3¢)
S44¢ = (S 440 + See©) (29)

where S;; are compliances at 46% crystallinity and S;;¢ are the
compliances at 100% crystallinity.

Figure 8 shows the calculated and experimental results, in
which Ae is an abbreviation of Ae.(6;) in eq 27. As can be seen
in Figure 8, the experimental results depend on temperature
and frequency but exhibit a similar dependence in both (110)
and (200) crystal planes. By contrast, the calculated distri-
bution is sharper for the (200) crystal plane than for the (110)
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Figure 8. Strain distributions of the (110) and (200) crystal planes
observed from the x-ray diffraction technique with those calculated
(solid curves).

crystal plane, and further, in both cases, they deviate appre-
ciably from the observed ones even at room temperature. Al-
though this would suggest that the comparison should be
made in the static state at room temperature, it is very difficult
to measure the crystal strain in the static state because of the
viscoelastic nature of the material.

IV. Light Scattering

A.Procedure for Calculation. The light scattering from
deformed two-% and three-dimensional®® spherulites has been
studied by Stein et al. In their calculations for the deformed
three-dimensional spherulite, two types of density distribu-
tions of scattering elements within the deformed spherulite
were assumed in addition to the affine deformation. In this
paper, the light-scattering pattern will be analyzed using a
different approach, namely, it will be calculated from the
knowledge of the principal polarizability distribution in the
spherulite on the assumptions that, (1) there exists a stress
optical coefficient which is constant throughout the spherulite
and, (2) molecular orientation of the medium around the
spherulite is random.

For a system having three different principal stresses P;,
three different refractive indexes n; may he calculated by
using the relation

n,-—nj=C(Pl-—P/-) (30)

where C is the stress-optical coefficient.
The three different principal stresses, as suggested by Stein
et al.,3” may be obtained as

P, = 6, cos? A + 20,5 sin Af cos A + ogesin? A (31)
Py = ¢,, sin? A — 20,4 sin A cos Af + g49 cosZ A§  (32)
P3 =04 (33)
where
tan 2A8 = 20,4/(0, — 044) (34)

In the Rayleigh-Gans approximation, the light-scattering
amplitude E of an anisotropic system is given by
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E-= C/f (M - O) explik(r +s)} dr (35)

where M is the induced dipole moment in the scattering ele-
ment dr located at r; O is the unit vector perpendicular to the
scattering ray and in the plane of polarization of the light
transmitted by the analyzer; & = 27/ where A is the wave-
length of the radiation in the spherulite; and s is the propa-
gation vector given by (sy — s1) where sy and s; are the unit
vectors of incident and scattered rays.

If one uses the same procedure as suggested by Stein et al.,37
then

"
V(n2 + 2)2

27+ L a
X f f f [i2C15 = C11 = Cy2
I3 0 0

+ (Cs3 = C13)(vor — Vo)A Korror+t/2

Ey, = (%m)CC’

+ % --le (Cia— C11)(Kg; = 4) + (C13 — C12)(Kg; — 2)

+ (C33 — C13) (ve; — ) Ko — 4C14(Ky;
+ vy — ¥)jAg; cos? frratl/2 — 1p{(C3 — Cqp) (Ko — 6)

+ (C33 = C13)(va; — Y)Kp;
+ (Cra = C10)Ky — 8C4u(Ko + vy — Ho)lAgrrat1/2]
X cos e sin £ sin 6 cos 8F (¢ ) sin 9 dr d6d¢  (36)
where
tan e = tan (6’/2)/sin u’ (37)
E=¢—c¢ (38)

and 77 is an average refractive index and V and a are the vol-
ume and the radius of the spherulite, respectively.
The scattering function F(#,u') is given by3®

) = RN ol ) LV SR LY
F(#0 ') = cos [k(r+s)] 1+l§1 @ ()\smz) r

! 21 ' .
X [ b3 < . ) (cos & sin & sin 6)2¢—2/+1(gin § cos §)2/~1
j=1\2j—1

141
+ 2 < .21 ) (cos 8 sin £ sin §)21-2/+2
=1 \2j—2
X (sin § cos 0)21‘2] (39)
where
sin & = cos (6'/2) cos u’ (40)

and # and u’ are the scattering angle and the azimuthal angle,
respectively. The scattering intensity is given by the square
of eq 36. If the spherulite is isotropic, the following relations
are obtained

Ci1 = Cs,

vo1 = Yo,

Ci2=Cys,

vo1 = ",

Cyqs = %(Cyy — Cy2),

vos =%, Kog=12, Agy=0 (41)

Substituting eq 41 into eq 36, eq 36 becomes zero. From this
result, it may be deduced that the light scattering does not
arise from an isotropic spherulite.

B. Discussion. Figure 9 shows the Hv scattering patterns
of the spherulite calculated by using the square of eq 36. As
illustrated in Figure 9, all of the lobes are extended in the
meridional direction and this tendency becomes more pro-
nounced with decrease of the crystallinity. All of the patterns
differ considerably from experimental patterns observed
generally at relative small extension ratios. This is due to the
fact that in the above calculation we have omitted the con-
tribution from deformation of the spherulite. Thus if we take

Macromolecules

Figure 9. Hv intensity distributions calculated by eq 36 for values
of crystallinity, (a) 97%, (b) 74%, (¢) 46%, and (d) 12%, in which values
of scale 0°, 4°, and 8° mean the degree of scattering angle ¢, while
values of scale listed in circumference mean the degree of azimuthal
angle u'.

Figure 10. Hv intensity distributions calculated by eq 42 for values
of crystallinity, (a) 97%, (b) 74%, (c) 66%, and (d) 46%, in which values
of scale 0°, 4°, and 8° mean the degree of scattering angle ¢’, while
values of scale listed in circumference mean the degree of azimuthal
angle u'.

into account the deformed shape of the spherulite, then we
may adopt the following equation for the amplitude E;

E=%j;27rj;7rj;a+ua(M.o)

X cos [k(r+s)]rZsin 6 dr d6 d¢

X sin [2kr sin (8'/2) cos (6'/2) cos 4]
X J[2kr sin (6/2) cos (8//2) sin &’ sin Ar2sin  dr df  (42)

where J(x) is the first-order Bessel function of x, and u, is
the displacement at the radius a of the spherulite.

The calculation of eq 42 for the present example was carried
out numerically and the results for the Hv patterns are shown
in Figure 10. It can be seen that at high crystallinities (97, 74,
and 66%), the lobes are extended in the equatorial direction
which agree fairly well with the experimental results.?%40 On
the other hand, at low crystallinities (46%) the theory predicts
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an eight-leaf pattern which has also been observed in a uni-
axially stretched low-density polyethylene sample (Yukalon
YK-3200) having a rather imperfect texture.4!

V. Coneclusion

This paper was concerned with the relation between me-
chanical and optical quantities. The strain distribution in the
spherulite was transformed into the strains in the crystallites
for comparison with the x-ray diffraction measurements.
Fairly good agreement between the calculated and experi-
mental results was achieved when the results were normalized
with corresponding values at the polar angle §; = 90°. Since
the results did not reveal detailed information on intrinsic
properties of polymer which depend on temperature and
frequency, further comparisons were made by normalizing the
crystal strain with the bulk strain. In this instance, however,
the calculated results did not agree well with the experimental
results even at room temperature. This discrepancy might be
attributed to the fact that the results calculated from the
linear elastic theory were not entirely equivalent to the in-
phase component of the dynamic crystal lattice deformation
data.

The light-scattering patterns were calculated from the
relation between stress and birefringence. In general, the
scattering patterns calculated by using eq 42 gave a good
agreement with observed ones. Despite the good agreement,
however, it is noted that the analysis did not take into account
an important factor, namely, the total stress optical coefficient
is actually the sum of contributions from the crystalline and
amorphous phases for a semicrystalline polymer such as
polyethylene.
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